CR SINGULARITIES OF REAL FOURFOLDS IN 



ADAM COFFMAN 



Abstract. CR singularities of real 4-submanifolds in complex 3-space 
are classified by using local holomorphic coordinate changes to transform 
the quadratic coefficients of the real analytic defining equation into a 
normal form. The quadratic coefficients determine an intersection index, 
which appears in global enumerative formulas for CR singularities of 
compact submanifolds. 



1. Introduction 

If a real 4- manifold M is embedded in C'^, then for each point a; on M there 
are two possibilities: the tangent 4-plane at x is either a complex hyperplane 
in C^, so M is said to be "CR singular" at cc, or it is not, so M is said to be 
"CR generic" at x. This article will consider the local extrinsic geometry of a 
real analytically embedded M near a CR singular point, by finding invariants 
under biholomorphic coordinate changes. The main result is a classification of 
quadratic normal forms for the defining function. The matrix algebra leading 
to the classification is worked out in Section[2l and then summarized in Section 
[7] after the geometric interpretation is developed in Sections [3] - El 

The analysis of normal forms near CR singular points is part of the program 
of studying the local equivalence problem for real m-submanifolds of C". In 
this paper we consider the to = 2n — 2 case ( "codimension 2" ) , focusing on 
real 4-manifolds in C"^, since the m = n = 2 case is well-known and larger 
dimensions seem to lead to difficult computations. 

In Section [21 we recall some of Lai's formulas relating the global topology 
of a real submanifold to the number of its CR singular points, counted with 
sign according to an intersection number. In Section 31 we derive a simple 
expression that calculates the intersection index in terms of the coefficients 
in the local defining equation, generalizing the well-known m = n = 2 case, 
where CR singular points of compact surfaces in can be counted according 
to their elliptic or hyperbolic nature as determined by the local Bishop in- 
variant. Section [6l gives some concrete examples of compact real 4-manifolds 
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immersed in C'^ or CP^ to illustrate the enumerative formulas and local in- 
variants. 

2. Normal forms for CR singularities 

Let n > 2 and m = 2n — 2, so a real m-submanifold M of a complex 
n-manifold has real codimcnsion 2. ConsiclCTing n in general shows how the 
well-known (to, n) = (2, 2) case is related to the higher-dimensional cases, 
including (4,3). In this Section, we are only interested in a small coordinate 
neighborhood, so wc will let the ambient complex space be C", with coordi- 
nates zi, . . . , Zn- We will also use the abbreviations z = {zi, . . . , Zn-i)'^ and 
z= {zi, . . . ,Zn)^ (both column vectors). The real and imaginary parts of the 
coordinate functions are labeled Zk = Xk+ iyk- 

2.1. Local defining equations and transformations. 

We begin by assuming M is a real analytic (2n — 2)-submanifold in C" 
with a CR singularity at some point: the tangent space at that point is a 
complex hypcrplanc. Wc are interested in the invariants of M under local 
biholomorphic transformations. By a translation that moves the CR singular 
point to the origin 0, and then a complex linear transformation of C", the 
tangent (2n — 2)-plane TgM can be assumed to be the (zi, . . . , z„_i)-subspace. 
Then there is some neighborhood A of the origin in C" so that the defining 
equation of M in A is in the form of a graph over a neighborhood T> of the 
origin in the complex subspace TgM: 

Zn = h{zi,Zi,...,Zn-l,Zn-l) = h{z,z) 

where h(z, z) is a complex valued real analytic function defined for z G I? C 
TgM, and vanishing to second order at z = (0, . . . ,0)-^. Once M is in this 
"standard position," the complex defining function h{z, z) is of the following 
form: 

(2.1) h{z,z) = z'^Qz + FRz + FSz + e{z,z), 

where Q, R, S are complex (n — 1) x (n — 1) coefficient matrices, z'^ and F 
are row vectors, and e(z, z) is a real analytic function on T? vanishing to third 
order at z = (0, . . . , 0)"^. The matrices Q and S can be assumed to be complex 
symmetric. It can also be assumed that V is small enough so that the function 
h{z,z) can be expressed as the restriction to {{z,iu) & V x V : Wk = Zk} of 
the multi-indexed series: 

(2.2) h{z, w) = z'^Qz + vFRz + vF Sw + ^ e°'^z°'wl^, 

l«|-M/3|>3 

which converges on some sot 

(2.3) V, = {{z, w) ■.\zk\< e, \wk\ < e} C C^"-^ 
to a complex analytic function. 
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Definition 2.1. A (formal, with multi- indexed complex coefficient e"-^) mono- 
mial of the form e^^z^w'^ = e'^^ z^^ ■ ■ ■ z"Ti w^' ■ ■ ■ w^Ti has "degree" 
|q;| + |/3| = ai + - ■ ■ an-i+Pi + - ■ ■ Pn^i- A power series (convergent or formal) 
e(z, w) = ^ e^^z^w^ with e"^ — for all terms of degree \a.\ + \f3\ < d will 
be abbreviated e{z,w) — 0(d). 

The above notation applies to expressions of the form e(z, z), for example, 
the last term in Equation (|2.1[) is e{z, z) = 0(3). 

We consider the effect of a coordinate change of the following form: 

(2.4) Zi = Zi + pi{zi, . . . , Zn) 

^" Pn (^1 j • ■ ■ i ^n) ; 

abbreviated z = z+p{z), where pi{z),.. . ,Pn{z) are holomorphic functions 
defined by series centered at with no linear or constant terms. Since this 
transformation of C" has its linear part equal to the identity map, it is invert- 
ible on some neighborhood of the origin and preserves the form of (|2.ip . In 
the following calculations, we will neglect considering the size of that neigh- 
borhood, and consider only points close enough to the origin. 

As the first special case of a transformation of the form (|2.4p to be used, 
let pi(z), . . . ,pn-i{z) be identically zero, so z = z, and let Pn{z) be a ho- 
mogeneous quadratic polynomial in zi, . . . , z„_i, so Pn{z) — z^Q'z for some 
complex symmetric (n — 1) x (n — 1) matrix Q' . Given a point on M near 0, 
its coordinates z = (zi, . . . , z„)"^ satisfy z„ — h{z, z) = 0. The new coordinates 
at that point satisfy: 

(2.5) z„ = z„+p„(z) 

— z^Qz + z^Rz + z'^Sz + e(z, z) + Pniz) 
= z^(Q + (5')z + Fi?z + FS'z + e(z,z). 

So, such a quadratic transformation changes the coefficient matrix Q, but all 
the other coefficients of the new equation, z„ — /i(z, z) = 0, are the same. 
Choosing Q' = S — Q (and dropping the tilde notation) , the defining equation 
in the new coordinates is: 

(2.6) z„ = z'^S'z + z"^i?z -I- z'^S'z -I- e(z, z), 

so the first and third terms have a real valued sum and e(z, z) is still 0(3). 

Next, we consider some linear transformations of C", but only those which 
fix, as a set, the complex tangent hyperplane TjAf = {z„ = 0}, so they are of 
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the form 



(2.7) 



•Sn X 1 — Cn xnZnxl — 



Cl,l 







Cl, 



Cn — l,n — 1 





Cn— l,n 
Cn,n 



with complex entries and nonzero determinant, so c„^n 0. The inverse 
matrix has the block form 

/ 



c- 



A 



(ri-l)x(n-l) 



V 







where the block A in C^^ does not depend on the entries ci_„, . . . , c„^„. In the 
special case where ci_„ — . . . ^ c„_i „ = 0, C has a block diagonal pattern 
and so does its inverse, so z = Az. In the coordinate system defined by such 
a linear transformation, the new defining equation is 



Cn,n ■ [z^ Sz + z^Rz + z'^ S z + e(z, z)) 



(2.8) = c„,„ • (zM'S'Az + zM'i?ylz + 5M^S'Az + g(z,f)), 

where the new higher order part is still real analytic but may have a different 
domain of convergence. 

If the coefficients ci^„, . . . , c„_i^„ were nonzero, they would contribute only 
terms of degree at least 3, not affecting the quadratic terms in (|2.8p . Similarly, 
allowing a coordinate change with nonlinear terms, as in (|2.4[) . would only 
introduce terms of degree at least 3, or, as in (|2.5p . arbitrarily alter the first 
quadratic term. So, under a general transformation, 

(2.9) z = Cz+p{z) 

(which combines (|2.4p and (|2.7p . and preserves the standard position, (|2.ip '). 
the only interesting effect on the quadratic part of h{z, z) is that the coefficient 
matrices are transformed as: 



(2.10) 



{R,S) ^ {Cn,^A^RA,Cn,nA^SA). 



The first invariant to notice is the pair (rank(i?), rank(S')). The rank of the 
concatenated matrix (i?|>S')(„_i)x(2n-2) is also an invariant under this action. 

The group of invertible matrices A has (n— 1)^ complex dimensions, and the 
group of scalars Cn^n is one-dimensional; however, if v4 is a real multiple A of 
the identity matrix 1, then its action can be canceled by choosing c„^„ = A~^. 
So, there are at most 2((n — 1)^ + 1) — 1 = 2n? — 4n + 3 real parameters in the 
group action. The coefficient matrices R and S have {n — 1)^ and {n — l)n/2 
complex dimensions, for a total of 3n^ — 5n + 2 real dimensions. The number 
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of coefficients always exceeds the number of parameters in the group action, 
so we expect infinitely many equivalence classes of matrix pairs, distinguished 
by continuous invariants. 

2.2. Degrees of flatness. We continue with the assumption that M is a real 
analytic submanifold of C" with real codimension 2. 

Definition 2.2. A manifold M in standard position (|2.ip has a defining 
function h{z, z) in a "quadratically flat normal form" if the quadratic part, 
z'^Qz + zT Rz + zT Sz, of its defining function is a real valued polynomial. 
A manifold M C C" with a CR singular point x € M \s "quadratically 
flat" at X if, after M is put into standard position (|2.ip by a complex affine 
transformation z = Lnxn ■ (z — x), there is a local holomorphic coordinate 
change (j2.9p such that in the new coordinates, M has a defining function in 
a quadratically flat normal form. 

The definition of "quadratically flat normal form" is equivalent to Q = 
and R = R^ (so R is Hermitian symmetric). Considering (|2.6p and the 
transformation rule (|2.10p . for M in standard position, the "quadratically flat" 
property is equivalent to R being a complex scalar multiple of a Hermitian 
symmetric matrix. 

The notion of quadratic flatness is the d = 2 special case of the following 
generalization to higher degree. 

Definition 2.3. For d > 2, a real analytic manifold M in standard position 
()2.ip has a defining function in a "d-flat normal form" if the defining equation 
in a neighborhood of is 

Zn = h{z, z) = r(z, z) + 0(d + 1) 

for some real valued polynomial r{z,z). A manifold M C C" with a CR 
singular point x & M is "d-flat" at x if, after M is put into standard position 
(|2.ip by a complex affine transformation z = Lnxn ■ {z — x), there is a local 
holomorphic coordinate change (|2.9p such that in the new coordinates, M has 
a defining function in a d-fiat normal form. 

Definition 2.4. A real analytic (2n - 2)-manifold M C C" is "formally 
flattenable" at a CR singular point x E M if it is d-fiat at x for every d > 2. 

Definition 2.5. A manifold M C C" with a CR singular point x E M \s 
"holomorphically flat" at x if, after M is put into standard position (|2.ip by a 
complex affine transformation z = Lnxn • {z — x), there is a local holomorphic 
coordinate change p.9p such that in the new coordinates, the defining function 
()2.ip is real valued. 

By the Definition, if M is holomorphically flat near a CR singular point, 
then there is a local coordinate system around the point so that a neigh- 
borhood of in M is contained in the real hyperplane Im(z„) = 0. By the 



6 



A. COFFMAN 



well-known normal form result of E. Cartan that a real analytic nonsingular 
Levi flat hypersurface is locally biholomorphically equivalent to a real hyper- 
plane, the local notion of M being holomorphically flat at x is equivalent to the 
(more coordinate-free) property that there exists a real analytic nonsingular 
Levi flat hypersurface containing a neighborhood of x in M . 

2.3. The m ~ n ~ 2 case. 

When m = n = 2, M is a real surface in with a CR singular point. 
For AI in standard position (|2.ip . the coefRcient matrices are size 1x1, and 
can be written as complex constant coeflBcients. The action of (|2.10p becomes 
(i?, S) I— !■ (c2.2|api?, C2.20i^S) for nonzero complex constants C2,2 and a, where 
Aixi — (oi)- If i? 7^ 0, then {R, S) can then be transformed into (1, 71), 71 > 0. 
If i? = 0, then there are two normal forms: (0, 1) and (0,0). The quadratic 
normal forms for the defining function of M are then: 

(2.11) Z2 = zizi -t- 71 • (zj + Zj) + e(zi, 21), 71 > 0, or 

Z2 = zf + zf + e{zi,zi), or 
Z2 = e(zi,zi). 

So, 71 is the well-known Bishop invariant ( |Bishop] ) and the second case is 
71 = +00. This calculation of the quadratic normal forms shows that any 
surface M with a CR singular point is quadratically flat (Definition 12. 2p at 
that point. 

The normalization of the cubic terms depends on 71 ; all the cases < 71 < 
cxD are surveyed in IC3I §5, and we recall a few examples here. 

For 71 e (0,i) U (i,l) U {1,00), it was shown by [MW] that the cubic 
terms of e(z, z) can be eliminated by a holomorphic coordinate change near 
the origin, and so M is 3-flat. 

Any AI with 71 = ^ is 3-flat; although there may be some cubic terms 
that cannot be eliminated by a holomorphic coordinate change, such terms 
can always be made real valued. For 71 = 1, there are some M which are not 

3- fiat. 

It was also shown by |MW| . and [HKj respectively, that for < 71 < 5, and 
7i = 0, M is holomorphically flat. It was proved by |Gong| that there exists 
some M with 71 > 5 which is formally flattenable but not holomorphically 
flat. 

2.4. The m = 4, n = 3 case. 

2.4.1. A quadratic normal form. In this, the main case of this paper, M is a 

4- manifold in C'^, which we assume is given in the form (|2.6p . The quadratic 
coefficient matrices R, S are size 2 x 2, so there are 7 independent complex 
coefficients, and, as previously calculated, 9 real parameters in the group 
action (|2.10p . One expects that in general, attempting to put the pair {R, S) 
into a normal form will leave 5 continuous real invariants. 
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We choose to begin the normalization by considering the action of the 
transformation i?2x2 ^ cA^RA, where c — 03,3 is a nonzero scalar and A 
is an invertible 2x2 complex matrix. Conveniently, the problem of finding 
representative matrices for the orbits of this action has already been solved 
in [03: 



Proposition 2.6 ( IC2I Theorem 4.3). Given a complex 2x2 matrix R, there 
is exactly one of the following normal forms N such that N = cX^ RA for 
some nonzero complex c and some invertible complex ^2x2- 



1 













1 


T 








1 


1 


i 


1 
























(1) Q j,0<e<n; 

(2) ( I 1),0<T<1; 
(3) 
(4) 
(5) 



For most values of the invariants 0, r, these normal forms are not Hermitian 
symmetric — unless R is already a complex multiple of a Hermitian matrix, 
one would not expect cA^ RA to be Hermitian. So, unlike the m = n = 2 
case from Subsection 12.31 the quadratic part of the defining function h{z,z) 
generally cannot be made real valued by a holomorphic coordinate change. 
For a manifold in standard position (|2.ip . the following are equivalent: (I) 
M is quadratically flat at 0; (H) i? is a multiple of a Hermitian matrix; 
(III) N ~ cA^RA, where N is one of the following normal forms from the 
Proposition: Case (1) with 9 = or n, Case (4), or Case (5). 

Using A'' from the above Proposition and introducing the notation P = 
2^2x2, (|2.6p becomes: 



(2.12) 23 - (2i,22)Ar(^ ^1 j +Re (^(21, Z2)-P(^ jj +6(21,21,22,^2). 

The linear action of C (|2.71 12. 8p . followed by another holomorphic trans- 
formation (|2.5p . preserves the form of the defining equation (|2.12p . and acts 
on the coefficient matrices by the transformation: 

(2.13) {N, P) ^ {cA^NA, cA^PA). 

Since N is already normalized, to find a normal form for (|2.12p . we consider 
only pairs (c. A) that preserve N: N = cA^ NA. Since this depends on the 
nature of the various matrices N appearing in the Proposition, we proceed in 
cases. 
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In each case, let P = ^ ^ ^ ) ' ^^^^ complex entries a, b, d, and let 
complex entries and nonzero determinant. 

\l S J 

Case (la). For iV = ^ ^ ^ , with < 6i < vr, if = cA^NA, then c 
is real (this follows from calculating determinants, for example), and 



N = cA' NA : 



a j \ f 1 \ f a f3 
/3 S J [o e'<^ J [ J 6 



implies 

(2.14) 1 = c- (aa + 776**), 

= a/3 + 7^e'^ 

It follows that J = (3 — 0, c = \a\~'^, and \d\ — \a\. So the action of (|2.13|) is 
that P can be transformed to: 

When a and d are both nonzero, a and (5 can be chosen to rotate them onto 
the positive real axis. The value of b cannot be normalized any further except 
that P with positive a, d, and complex b is equivalent to the matrix with the 
same a, d, but opposite value for b. 

If a = or d = 0, then a and 6 can be chosen to transform P into a matrix 
with all non- negative entries. 

Case (lb). For N = ^ ^, the 6 — case of Proposition 12. 6| c is 

real as in the previous case, and by the calculation analogous to (|2.14|) with 
6' = 0, in fact c is positive, so c = y^^^jy^ The equation N ~ cA'^NA = 




{^/cA) N{y^A) shows A is a real multiple of a unitary matrix, and conversely 
ii A = rU for some real r and unitary [/, then (c, A) — {r~'^,rU) stabilizes 
N. So the action of ((27T3ll is that P can be transformed to: 

cA^PA = \—A^PA = r-^(rUYP{rU) = U'^PU. 

|det(A)| 

The normal form problem for P is thus reduced to finding a normal form 
for a complex symmetric 2x2 matrix under the relation of congruence by a 
unitary matrix. This problem has a well-known solution by Takagi f [HJj §4.4, 
see also Theorem 5 of (Huaj), which says that a complex symmetric matrix 
has a diagonal normal form under unitary congruence, with non-negative real 
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entries. These entries can be re-ordered by a unitary transformation, so a 

normal form is | ^ ^, ] with < a < d. 
\0 d J 

Case (Ic). For TV ( ^ ], the 6 = TT case of Proposition 



^ -1 ^ 

is real. Briefly neglecting c, we consider the group of invertible matrices A 
preserving N. The condition A^NA = N is equivalent to ANA^ = N. For 
any symmetric coefficient matrix P, define an auxiliary matrix B — P^ NP, 
which is Hermitian symmetric. Then the congruence action P' = PA 
transforms the product: 



B' = P' NP' = {AT PA) N{A^PA) = A^P^ANA^PA ^ A^P^NPA, 

so B' is related to B by Hermitian congruence. So, the action p.f 3p of A 
on (iV, P) (with c = 1) has been temporarily replaced by the action of si- 
multaneous Hermitian congruence on the pair ( A^, B) of Hermitian symmetric 
matrices. This normal form problem is considered by [HJj . and more recently 
by [HS] and [LRj . Recalling that N is Hermitian congruent to the matrix 

N' = Q ^ (the T ^ 1^ limit of Case (2) from the Proposition), the 

result from [HJ] , [HSj . [LRj is that for any Hermitian S, the pair {N,B) is 
equivalent under simultaneous Hermitian congruence to exactly one pair from 
the following list: 

1 \ / fci 



-1 y ' V k2 
1 \ f k ' 



fci, fc2 e 

, , , , A- F 

f J k 1 '"'"^ 

We continue with Case (Ic) by splitting into subcases corresponding to the 
above three intermediate normal forms. 

Case (lei). There is some nonsingular matrix A so that the Hermitian 
pair {N, P^ NP) is simultaneously diagonalized and P' = PA is a complex 
a b 



symmetric matrix ^ ^ ^ j (using the same place-holding letters as in Case 
(la) even though P has been transformed once already) satisfying 

,2.5,B'.p^vp'.(yij7j _»,)(: n^c; » 



By another transformation, of the form e*^l (which does not affect the pair 
{N, B')), we may assume that the entry b of P' satisfies b > 0. It then follows 
from expanding (|2.15p that the entries of P' must satisfy either b = oy d = a. 
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In the 6 = transformation of the form ^ ^ ^ ) ' ^^^^ ^'^^ ~ ~ 



preserves N and puts P' into a diagonal normal form with non-negative real 
entries. By a transformation of the form (c, A) = 1, ^ ^ ))' 

entries can be interchanged, so a unique normal form is ^ g ^ ^ with < 
a < d. 

In the d = a case, the same type of diagonal transformation with S = 1/a 
a b 



puts P' into the form , with h > and a > 0. However, this 

\b a J 

simplifies even further, and is not always different from the previous {b = 0) 
case. When < 6 < a, a transformation of the form 



A) -( -1 ( ^ -a+s/^^\\ 

preserves A'' and diagonalizes P' to ^/o? — h^ ■ 1. When < a < b, N and P' 
cannot be simultaneously diagonalized, but a transformation of the form 



(c,A) 



-a + i{b + Vb"^ - a"^) b - ^/W~~a? - i 



la 



,46V&2-a2' V b-V^^-ia -a + i{b + Vb^ - x^) 

preserves N and takes P' to ^Vb"^ — a'^{a — i^/W~~a^)N' ^ which can be 
rotated by A = to y/b"^ — a?N' . In the < a = 6 case, P' has rank 1 but 
{N, P') is not simultaneously diagonalizable, so it is inequivalent to the 6 = 
case with rank 1, where Q = a < d. A transformation of the form 

(c,A)=a + « l-a 



Aa \ I - a 1 + a 

preserves N and normalizes a to 1. 

Case (Icii). If there is no transformation simultaneously diagonalizing 
{N,B), then there is some nonsingular matrix A so that A^NA = N' , 
A^ PA = P' , and B' = A^BA equals either the second or third normal form 
from the above list — in this subcase we consider the second. The property 
A^NA = N' is equivalent to AN'A^ = N, so 



B' = A^BA = A^P'^NPA = A^P'^AN'A^PA = {A^PA) N'{A^PA). 
With notation as in the previous case, P' = A^PA is a complex symmetric 
matrix f ^ ^ j satisfying 



(2.16) B' = P' N'P' 



b d [ 1 [ b d ~ [ k 1 
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By another transformation, of the form e*^l (which does not affect the pair 
{N',B')), we may assume that the entry a of P' satisfies a > 0. However, it 
follows from expanding the product in (j2.16p that there are no solutions of 
((2?T6| with a > 0, so a = 0. Then ((2?T6)) becomes 



b \ f IWO b \ _ f 0_ _bb_ A / k 
b d J y I J \ b d J " \ bb bd + bd J ^ \ k 1 

so neither b nor d is 0. By yet another scalar transformation, we may assume 
that 6 > 0, without changing the RHS of the above equation, so 6 is an 
invariant determined by fc, and the equality of entries b ■ (d + d) = I implies 

Re((i) ^ 0. A transformation {c,A) = ^i, ^ J with r and s real, 

Re((i) 7^ and 5 > 0, r and s can be chosen to normalize d to 1. 

Case (Iciii). The third case starts with the same steps as the previous case. 



with A^NA = N' and A'^PA = P' = {^^ ] satisfying 
(2.17) 



b 



B' T'^N'P' = («^\/^0 1\ /^a6^_/^ x + iy 



bdJ\lQj\bdJ \ x-iy 

with y > 0. By another transformation, of the form e*^ 1 (which does not affect 
the pair {N' , B')), we may assume that the entry a of P' satisfies a > 0. Then 
it follows from expanding the product in (|2.17p that a > 0, 6 = 0, and ad = x+ 

iy, an invariant quantity. A transformation {c,A) — ^a. ^ 1 

serves N' and transforms P' = | 'J '^,1 into ( \ ^ , ] ~ ( \ ^ ■ 

\ U d J \ ad J \ X + ly 

Case (2a). For iV = ( ^ J ) , with < r < 1, if iV = cA^NA, then c is 



real, and 



implies 



TV = cA^ NA 



a j \ f I \ f a (3 
P S [r j I 7 S 



(2.18) = a7r + 7a, 

= (3St + P6, 

1 = c • {Pjt + aS), 
T = c • (7/3 + adr). 
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It follows that 7 = /3 = 0, aS is real, and c = {a6) ^. So the action of (|2.13p 
is that P can be transformed to: 

a(5\0 ) \ b a J \ d J \ ba/a ao/a 

When b ^ 0, a can be chosen to rotate it onto the positive real axis. Then, 
using real a and (5, a can be either scaled onto the unit circle or the origin; if 
a = 0, then d can be scaled onto the unit circle or the origin. The resulting 
normal form is unique except that (a, d) is equivalent to the pair (—a, —d). 

If 5 = and a ^ 0, then a and S can be chosen to transform a into 1, leaving 
d G C as an invariant. If 5 = a = 0, a and 6 can be chosen to transform d 
into 1 or 0. 

Case (2b). For iV ^ || J ^ , the r = case of Proposition [Ml if 

N = cA^NA, then c does not have to be real, but the calculation is similar 
to the previous (2a) case. The t = analogue of (|2.18[) implies 7 = /? = 
and c — {a5)~^. So the action of (|2.13p is that P can be transformed to: 

-^'P^ = i-^) \ o s)[b d)[o S )=' [bS d^-1 

When b ^ 0, 6 can be chosen to rotate it onto the positive real axis. Then, 
using real 6 and a complex number a, d can be transformed to 1, leaving 
a G C as an invariant, or to and then a can be transformed to 1 or 0. 

If 6 = and d ^ 0, then a and 6 can be chosen to transform d into 1 and a 
to a non-negative invariant. If b = d = 0, a and S can be chosen to transform 
a into 1 or 0. 

Case (3). For ^ = ^ 'j' ^ ^^'^ gi'oup of ^c, ^ ^ such that 

N = cA^NA is exactly the set with 7 = 0, a = (5 7^ 0, af3 + a[3 = 0, and 
c|ap = 1. Then 

If a ^ 0, then [3 can eliminate 6, a can rotate a to the positive real axis, and 
the complex number in the d position is an invariant. If a = and 7^ 0, then 
(3 can eliminate d and a can rotate 6 to the positive real axis. If a = 6 = 0, 
then a can rotate d to the non-negative real axis. 

Case (4). For N = ^, the group of ^c, ^ ^ ^ )) sncYi that 

N = cA^NA is exactly the set with /3 = 0, 5 7^ 0, and c|ap = 1. The entry 
d of P can be normalized to 1 or 0. In the d = 1 case, 7 can eliminate any b 
entry, and a can rotate a onto the non-negative real axis. In the d = case, 
if 6 7^ 0, then (a, b) can be normalized to (0, 1); if & = 0, then a can rotate a 
onto the non-negative real axis. 
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Case (5). Under an arbitrary congruence transformation, the rank is the 
only invariant of a complex symmetric matrix P under a congruence trans- 
formation PA. The three normal forms are: 

All these results on normal forms for the matrix pairs {N, P) are summa- 
rized by Table 1 in Section [71 



2.4.2. An alternative quadratic normal form. Instead of choosing to normalize 
the R matrix first in ()2.6|1 . we could have chosen to normalize the symmetric 
matrix S. Then the calculations start off in a simpler way, since first applying 
the congruence transformation to the complex symmetric matrix S, the three 
normal forms for A^ SA are exactly as in the above Case (5). 

In the first case, 5=1, the normalization problem for (i?, S*) reduces to 
the problem of finding a normal form for R under the action R i— > cA^RA, 
where {c,A) satisfies cA^A = 1. This is the generic form of S, so one still 
expects five continuous real parameters in any collection of representative 
matrix pairs, but we do not attempt to find such normal forms. 

In the second case, the pair (c, A) stabilizing S and acting on R satisfies 

"^^"^(o o)^"(o o)' 

leading to another normal form problem for R which we again do not pursue. 

In the last case, where S is the zero matrix, the R matrix can then be put 
into one of the normal forms N from Proposition l2.6l 

For the special case where R is Hermitian, [I] gives a list of 2 x 2 normal 
forms for (i?, S), following this approach of normalizing S first. 



2.4.3. One example of a cubic normal form. With M in standard position 
and the quadratic part of the defining function in normal form (|2.I2p . we can 
consider its cubic terms. In the expansion 



Z3^izi,Z2)N[ +Re f (zi,Z2)P ] ] +e3iz,z) + eiz,z), 
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63(2,2) is the cubic part, and e(z,z) — 0(4). In particular, 

(2.19) 63 = e3°"°z3 ^ e^iooz^-^ ^ gi200^^-2 ^ g0300-3 

+e20i0z2^2 + e"'°^i^i^2 + e°2i0z2^2 + e2"0iz2^2 
+e"°iziziz2 + e°20iz2-^ ^ ei"20^^^2 ^ ^0120-^ ^2 

+ei°"ziZ2Z2 + e0i"ziZ2^2 + ei"°2^iz| + e0i°2^iz| 

The holomorphic coordinate changes that fix the origin and preserve the stan- 
dard position of M are of the form 

(2.20) Zl = CllZl+Cl2Z2 + Cl3Z3+pf^?+p"2lZ2+pfz^ 

20 2 11 02 2 

Z2 = C21Z1 + C2222 + C23Z3 +P2 Zj + P2 Z1Z2 + P2 ^2 

53 = c33Z3+pr^?+pr^i^2+pr^i+pr^i^3+pg"^2Z3 

The hnear coefficients are as in p. 71) : the p coefficients are from (12. 4p . Assign- 
ing to each monomial z"^Z2^Z3^ a "weight" ai + q;2 + 2q;3, including terms in 
p.20p of higher weight, such as z|, would not contribute any changes to the 
quadratic or cubic coefficients of the defining function in the z coordinates. 
The effect of a coordinate change (|2.20p on the cubic part 63 depends on the 
quadratic coefficients from N and P. If the quadratic part has already been 
put into a normal form, then in attempting to find a normal form for the cubic 
terms, one would want to use only holomorphic transformations that preserve 
the quadratic normal form, and this subgroup of transformations also depends 
on the coefficient matrices N and P. The comprehensive problem of finding 
cubic normal forms for every equivalence class of CR singularities seems to be 
difficult, so we consider just one special but interesting case. 

Let M be given by this defining equation in standard position and with 
quadratic normal form as in Case (lb) from Subsection 12.4. II 

(2.21) Z3 = zizi + 71 • {zf + zl) + Z2Z2 -I- 72 • (z| -I- z|) -f e3(z, z) -I- e(z, z). 

The above expression is in a quadratically fiat normal form: the quadratic 
part is real valued with < 7i < 72) and 63 is as above. Now, assume further 
that < 71 < 72, with neither 71 nor 72 equal to \ or 1. 

It follows from the normal form result of |MWj (as in Subsection 12. 3p that 
there is a transformation of the form 

(2.22) ~zi = Zl -I- C13Z3 -I- pf z^ 

Z2 = Z2 

h = Z3+pl°lziZ3+pf0z3 

that efiminates the terms e^^^^z^ -t- e^^^^z\zi + e^^^^zizf + e^^^^Zi from 63, 
without changing the quadratic part. Similarly, a transformation of Z2, Z3 
can eliminate the cubic terms depending only on Z2, Z2, without changing the 
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quadratic part or re- introducing the cubic terms in zi, zi. This leaves twelve 
monomials in ()2.19|) with complex coefficients. 

Among the transformations (|2.20p . the subgroup preserving this partial 
normal form is given by: 

(2.23) Zl = ciizi + ziZ2 + pf zl 

Z2 = C22Z2 + pI^ zl + p\^ Z1Z2 

- 210 2 1 20 2 

ZZ = C33Z3+P3 Z1Z2, 



again, omitting terms of higher weight. The linear coefficients cn, C22, C33 
must be real, and satisfy C33 = cjj^ = S^^- The six complex coefficients oi p 
can be arbitrary, and then after a coordinate change of the form (|2.23p . the 
defining equation becomes: 

Z3 = zizi + 71 • + Zj) + Z2Z2 + 72 ■ (z2 + ^22) + 63(2, z) + e(z, z), 

/giiio pii X _ /giioi 3T \ _ _ 
63 = Z1Z1Z2 + Z1Z1Z2 



(2.24) 



Z1Z2Z2 




z\z\ 



In general, there are not enough parameters in (|2.23p to put these twelve 
coefficients into a sparse normal form. We turn to yet a further special case. 
Suppose that after M has been partially normalized as in (|2.22p . so that 

3000 _ „2100 _ „1200 „ 0300 _ 0030 _ „0021 _ 0012 _ 0003 _ n 

O C- O O O O O O v_/ ■ 
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eight of the remaining twelve coefficients satisfy the fohowing conditions: 



Alio 



(2.25) e' 

„2001 



e 

glOll 
„1002 



This condition holds if (but not only if) the partially normalized 63 is real 
valued, so the defining function of M is in a 3-flat normal form. Then, by 
inspection of (|2.24p . there is a transformation with complex coefficients pj^, 
pVi pVj that can normalize the all the e^-'^^", . . . , coefficients in (|2.25p to 
0. A transformation using ^3^° and can then change the e^°"'^° and 6""^°^° 
coefficients to any value, in particular, to the complex conjugates of e'^^"^ and 
g0i02^ so that 63 can be brought to the following real valued normal form: 

(2.26) 63 = ^0501^2 ~2 + e°201|p2 + i0T02^^^2 g0102|^|2^ 

The coefficients 6°^°"'^, e"^"^ are not invariants since a real linear re-scaling by 
cii and C22 = ±cii is still possible. 

There is a different, more useful, statement about the conditions under 
which the above normal form can be achieved: 



Theorem 2.7. Suppose the real A-manifold M in is in standard position 
with defining equation in the quadratically flat normal form (I2.2ip with < 
7i < 72; and neither 71 nor 72 equal to and with cubic terms 63 as in 
(I2.19P that satisfy the conditions 



(2.27) 


gl200 


_ g2100 


(2.28) 


g0021 


— g0012 




glllO 






g2001 


— g0210 




glOll 


= e"iii 




gl002 


_ e0i20 



Then there is a holomorphic coordinate change (I2.20p that puts the cubic part 
into the 3-flat normal form 63 (|2.26|) . 

Proof. The last four out of the above six conditions are copied from (|2.25p . 
The proof of the Proposition is to proceed as above, first eliminating the 
cubic terms in zi , zi only. The condition (|2.27p allows this to be done by a 
transformation of the form (|2.22p . but with pg"^ = 0. (This is possible even in 
the 71 = 1 case, cf. Example 5.6 of ^Csj.) Similarly, the cubic terms in Z2,Z2 
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only can be eliminated by a transformation of the form 

Zl = Zl 

h = ^2 + C2323 +P2^2;| 

(2.29) h = z^+pf°zl 

without re-introducing any of the previously eliminated terms. Again, the 
condition (|2.28p (and 72 7^ \) means that a term p^^Z2Zz is not needed in 
(|2.29p . These first two steps may alter the numerical values of the remain- 
ing coefficients, but the claim is that if the cubic coefficients e^^^^ , . . . , e"^^° 
satisfy the reality conditions (|2.25p at the start of the process, then the new 
corresponding coefficients will continue to satisfy those conditions. The calcu- 
lation to verify this is straightforward but omitted; however, the assumption 
Ps^^ — Ps^^ = is crucial: if either were nonzero, cubic terms not satisfying 
p.25p could appear in the new defining equation. The rest of the normaliza- 
tion proceeds exactly as above. I 

The conclusion of the above Theorem holds in particular when M has the 
specified quadratic normal form and is also 3-fiat. 



2.5. Flatness in higher dimensions. 

Proposition 12.61 showed that for the m = 4, n = 3 case considered in 
Subsection 12.41 R cannot, in general, be put into a Hermitian normal form. 
Similarly for higher dimensions n>2,TO = 2n — 2, quadratic fiatness is a non- 
generic property for codimension 2 manifolds with CR singularities. Higher 
degree flatness is even more non-generic. 

Consider the quadratically fiat case, where AI is in standard position in 
C" and the coefficient matrix R happens to be Hermitian symmetric. This 
property of R is preserved by the action of (c„^„,yl) from (|2.7p if and only 
if Cn,n is real — unless R is the zero matrix, in which case there is no such 
condition on c„.„. 

For a nonzero Hermitian matrix R, the transformations (|2.10p (or (j2.13p ) 
of the defining function that preserve the property of being in a quadratically 
flat normal form have the following action: R i— > c„.„v4"^i?A, a congruence 
transformation of R, followed by real scalar multiplication. The Hermitian 
property of R is preserved, along with its rank. Congruence transformations 
also preserve the signature {p, q): the number of positive, and negative, eigen- 
values; R is "deflnite" if p = n or g = n. Multiplying by a negative scalar Cn ^ 
interchanges the p and q quantities. The rank p{R), the number <7{R) — \p~q\ 
(from which p and q can be recovered, modulo switching) , and the property 
of dcflnitcness (or indcflniteness) are invariants of R under the action of this 
transformation group. 
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If R is the zero matrix, then c„,„i? is stiU Hermitian even if Cn,n is not 
a real number. M is quadraticaUy fiat: the quadratic part of h(z, z) can be 
made real valued by a transformation of the form (|2.5p . 

Including both cases R 0, R — 0, we can conclude that if M has a defin- 
ing function h{z, z) in a quadraticaUy flat normal form, then any holomorphic 
coordinate change that preserves the property that /i(z, z) is in a quadrat- 
icaUy flat normal form must leave invariant the rank p{R) and the number 
(j{R) = |p — gj. In particular, these quantities are also invariants of a defining 
function in a d-flat normal form, or which is real valued (the holomorphically 
flat case), under holomorphic coordinate changes that preserve the flatness 
property of the defining function. The determinant of R is real and trans- 
forms as: dei{cn,nA^ RA) — c'j^^| det(v4)p det(i?), so the sign of det(i?) is 
also an invariant if n is odd. 

For arbitrary dimensions m = 2n — 2,n>2, if the {n — 1) x (n — 1) 
coefficient matrix R in (|2.6p is Hermitian and definite (so that R transforms 
by congruence to the identity matrix 1), the result of Takagi is that then 
there is a unitary coordinate change diagonalizing S, with real entries < 
7i < ... < 7n_i on the diagonal. These numbers are called "generalized 
Bishop invariants" by [HY| . since the < 71 < oo normal form (|2.1ip from 
Subsection [53] is the n = 2 special case. The definite normal form from Case 
(lb) of Subsection l2.4.1l is the n = 3 case. The R = 1^ S — 0(„_i)x(ri-i) case, 
where z„ = ziZi -I- ... -I- Zn-iZn-i + 0(3), is considered by [HYJ. 

For P complex symmetric and R Hermitian symmetric, but not necessarily 
definite, a description of canonical representatives for the equivalence relation 
(i?, P) ~ {A^ RA, A^ PA) is given by [Ei|. Allowing scalar multiplication, as in 
(|2.13p . with real c„^„ as above, is different only in that (i?, P) is equivalent to 
(— i?, —P) under the action of (|2.13p . while they may be inequivalent according 
to [E]. In the 2x2 case, the choices made by [I and [EJ for canonical forms 
are different from those in the calculations of Subsection 12.4.11 Cases (lb), 
(Ic), (4), (5). However, it is straightforward to check how our list of normal 
forms, as summarized in Examples 1 7 . 31 - [7 . 71 corresponds (modulo scalars) to 
the systems of canonical forms in [I] , [E] . 

3. Topological considerations 

We recall some well-known general facts on Grassmannian manifolds, and 
also recall from [L^ some topological properties of real m-submanifolds of 
complex n-manifolds: the local property of "general position" for real sub- 
manifolds, and also global properties measured by characteristic classes. The 
Grassmannian constructions and formulas of |Lj, in the special case of the 
topology of real surfaces immersed in complex surfaces (m = n = 2), are also 
reviewed by fBF], [Bohrj . [P], [ABKLR; §8.5.3. In this Section, we work with 
connected, m-dimensional, smooth manifolds M, not necessarily real analytic. 
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3.1. The Grassmannian construction. 

For < m < 2n, let G(to, R^") denote the Grassmannian manifold of Tri- 
dimensional real linear subspaces of M^". The real dimension of G(m, M^") is 
m • (2n — m). 

Similarly, let SG{m, i?^") denote the manifold of oriented m-dimensional 
subspaces of M^". Its real dimension is also m-{2n — m). There is a two-to-one 
covering map T : SG{m,]S?'^) G(m, R^") given by forgetting the orienta- 
tion, and an involution TZ : SG{m, M^") — > SG{m, R^") given by reversing the 
orientation. 

For any immersion t of a real m-manifold M into M?", we can define the 
Gauss map 7 : M ^ G(m,R^") : x 1-^ T^(^x)M. If M has an orientation, then 
the corresponding map is denoted 7^ : M — > 5G(m,M^"). 

When m is even and there is a "complex structure operator," J, a real linear 
map M^n ^ R2n g^pj^ ^^^^ Jo J = -1, then G{m,R'^'") contains C, the set of 
J-invariant subspaces. C is a submanifold: it is the image in G(m, M^") of the 
inclusion embedding of the complex Grassmannian manifold CG(m/2, C") of 
complex subspaces in C". 

In the case m = 2n — 2, the manifold CG(n — 1,C") is homeomorphic to 
the complex projective space CP""^, and the real dimension of C is 2(n — 1), 
half the dimension 4(n - 1) of G(2n - 2,R2"). The inverse image J^~^{C) C 
SG{2n — 2,R^") is a disjoint union C+ U C~, where C"*" is the set of oriented 
subspaces whose orientation agrees with that given by the complex structure, 
and C~ is the set of subspaces where these orientations are opposite (so they 
could be called "anticomplex" subspaces). Each component C"*" and C~ is the 
image of an embedding of CG{n — 1, C"), with real dimension, and codimen- 
sion, equal to 2(n — 1). The C"*" submanifold has a natural orientation. 

For < m < 2n and < j < n, given an immersion of an m-submanifold 
<, : M ^ R2" = C", let Nj denote the subset 

Nj = {xe M : dimR(r,Af n J • T,M) > 2j}, 

so at a point x ^ Nj, the tangent space TxM contains a J-invariant subspace 
of real dimension 2j, which is a complex subspace of complex dimension j in 
C". 

For m = 2n - 2, 7V„_2 = M and 7V„_i = 7"^(C) is the CR singular 
locus. The immersion is in "general position" at a; € M if the gauss map 
7 : AJ ^ G(2n - 2,M2") meets C transversely at -y{x). M is trivially in 
general position at all its CR generic points, and the immersion is said to 
be in general position if it is in general position at every point. Then, by 
counting dimensions, an immersion in general position has only isolated CR 
singular points, and if M is compact, then the CR singular locus iV„_i will 
be a finite set. 

If M has an orientation, then the CR singular locus is the same set as 
(•^o7j"^(C) = j-\J='-^iC)) = 7J^{C+ UC"), which is a disjoint union 
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1-\C+) U -f-\C-). So, 7V„_i - 7V„ti U iV-_i, where - 1^\C+) 

and = 77^(C^)- The local and global notions of "general position" 

as defined previously are equivalent to the analogous transverse meeting of 
7^ with C+ U C- in SG{2n - 2,R2"). At each point of 7V+_;^ in general 
position, there is an oriented intersection number, ±1, of 7^ with the oriented 
submanifold the intersection number at 7^(2;) will be denoted the index, 
ind{x). 

To define the intersection index at a point x of N~_-y, [L] makes a choice 
of orientation for C~ which is opposite to that induced by TZ : — > C~ . 
Then ind{x), the intersection number of 7^ with C~ at 7j(x), is equal to 
the intersection number of 7?. o 7^ with C+ at TZ{jg{x)). Equivalently, if 
M~ denotes the manifold M with its orientation reversed, with gauss map 
7'j, : Af" — > SG{2n — 2,M^"), then ind{x) is equal to the intersection number 
of 7', with C+ at 7',(x). 

3.2. Bundle maps. 

More generally, let M be a smooth, oriented manifold with real dimension 
2ri — 2, and let be a smooth, oriented real vector bundle over M with 
2ri-dimensional fibers. Then the space of oriented real (2n — 2)-subspaces 
of fibers of F forms a "grassmann bundle" SG{2n — 2, F) over M — on a 
local coordinate patch U of M where F can be trivialized as C/ x R^", the 
grassmann bundle is of the form U x SG{2n — 2,M^"). Suppose F admits a 
smooth complex structure operator J. Then for each point x £ M , the Jx- 
invariant subspaces form sets and C~ in the fiber over x, giving a pair of 
smooth bundles C~ of complex grassmannians over M; each total space 
has codimension 2n — 2 in the total space SG{2n — 2,F). If T is another 
smooth, oriented real vector bundle over M, with (2n — 2)-dimensional fibers, 
then a nonsingular bundle map ^ : T F induces a section 7^ : M — > 
SG{2n — 2,F) : a; 1— > ^{Tx), generalizing the gauss map. The transverse 
intersection of 7^ with and C~ defines a notion of "general position" for 
T, and the intersection numbers define the index of generally isolated points 
X where 7^ (a;) = fi{Tx) is a Ja;-invariant subspace of F^. 

A special case of this bundle construction is where T is the tangent bundle 
TM of M, and l is an immersion of M in an almost complex manifold A, 
with real dimension 2n and a smooth complex structure operator J on TA. 
Then the differential of l defines a smooth bundle map /i : TM ^ F ^ l*TA, 
inducing 7^ : M SG{2n — 2, F). A point x £ M is a CR singular point of 
i if 7^(x) = ii{TxAI) is a J-invariant subspace of T^^^-^yl. 

If, additionally, TA admits a positive definite Riemannian metric g, then 
there is an oriented real 2-plane normal bundle vM orthogonal to TM in 
L*TA, and further, if g has the property that J is an isometry with respect 
to g, then T^M is a complex hyperplane in i*TxA if and only if v^M is a 
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complex line. Such a metric g can be chosen for any {TA, J), although we 
will not be using it except to define the normal bundle. 

3.3. Characteristic class formulas. 

Following the notation of [FJ , for an immersion l : M ^ A (or bundle map 
/X : T — > i^) as in the previous Subsection, we define index sums: 



When M is compact and the immersion (or bundle map) is in general position, 
J+ and I- are finite sums of ±1 terms. Then /+ , J_ , J_|_ + /_ , and /+ — J_ are 
all invariants of the homotopy class of t (or /i). Reversing the orientation of 
M interchanges the values of /+ and /_ , so /+ + /_ is the same and /+ — /_ 
has the opposite sign. 

If, instead of following as in Subsection 13. 11 we make the other choice of 
orientation for C^, then /_ has the opposite sign and the quantities /+ + /_ 
and /+ — /_ are switched. It will be seen in some examples that this is the 
choice of orientation that corresponds to index sums appearing in enumerative 
formulas of [Webster] . |IILi| , IHL2I , [Domrinj . and |Ci| . 

Our notation for characteristic classes in cohomology is copied from [L]: 
denote the euler class of the tangent bundle TM by fi, denote the euler class 
of the normal bundle vM M of the immersion by fi, and denote the total 
chern class of the puUback bundle l*{TA, J) — > M by 1 + ci + C2 + . . . + c„. 

Proposition 3.1 ( For an immersion l oj a compact, oriented {2n — 2)- 
manifold M in general position in an almost complex 2n-manifold A, 



1+ 






I 



Corollary 3.2. With the orientation convention for C as in [L], 
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Proof. I- is calculated by reversing the orientation of the tangent and normal 
bundles TM and I'M, which switches the sign of and 51. Then, applying 
the formula from the Proposition, integrating over M~ gives the opposite of 
the integral over M. I 



Example 3.3. When A = C", the chern classes are trivial, so for M immersed 
in general position, 

1+ = 
/_ = 

If, in addition, t is an embedding, then Q is the zero class, so = = 
^xi^I)^ where x{M) is the euler characteristic of M Theorem 4.10). 

Example 3.4. For n — 2, lis an immersion of a compact, oriented real surface 
Af in a 4-manifold A with an almost complex structure J. Complex or anti- 
complex points with Lai's index +1 are "elliptic," or "hyperbolic" with index 
— 1. Again following the notation of [F] and [ABKLR] . if e+ (respectively, e_) 
is the number of elliptic points with positively (negatively) oriented complex 
tangent spaces and (/*■-) is the number of positive (negative) hyperbolic 
points, and e = e+ + e_, /i = /i+ + then for M in general position, 

1+ 
/_ 

I++I- 

The last formula was also proved by [Webster] and is a special case of a 
degeneracy locus formula of IHL2I and [Domrin] . When t is an embedding 
into A — C^, = 0, so the formulas are e+ — hj^ = e_ — = ^x{^)^ 
which were known to [Bishop] and [Wells| in the special cases where M is an 
embedded sphere or torus. Immersions with double points are considered by 
[BF] and [Boh?) . 

Example 3.5. For n = 3, t is an immersion of a compact, oriented real 4- 
manifold M in a 6-manifold A with an almost complex structure J. For M 
in general position, we adapt from the previous Example the notation e+, 



/i(n + (-irn 



= e+-h+^ -(n + ci+n 



= e_ — /i_ 
= e-h = 



M 



n + n) , 



(e+ - e_) - {h+ - h^) 



M 
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for counting elements of N2 , and e_, h- for elements of N2 . 

/+ = e+-h+= ^(n + C2 + hci + , 
J M ^ ^ ' 

/_ = e_ - /i_ = / i (f7 - C2 + VLci - vA. , 

/+ + /_ = e-h^J (n + hciY 

I+-I- = {e+~e^)-{h+-h^)= I (c2 + nA. 
There are also formulas 

(3.1) = / (c2+pi^M) 

JM 

(3.2) = / (cl-C2-piTM), 

JM 

where pi is the first pontrjagin class of the normal bundle vM or tangent 
bundle TM. The equality (|3.ip follows from the well-known identity of char- 
acteristic classes fi^ = pivM . Formula (|3.2p is a special case of the degener- 
acy locus formulas of IHL2I and [Domrinj — the calculation establishing the 
equivalence of (|3.ip and p.2p appears in fCp . 

Example 3.6. Not every compact, oriented 4-manifold can be immersed in 
JJ6 ^ £-3 — £qj. example, CP^ cannot f jHirschl l. If such a 4-manifold M is 
immersed in general position in C'', then /_|_ -I- J_ = x{^^) ^-^d 

I+-I^= I pivM ^ I -piTM ^ -piM, 

JM JM 

the opposite of the first pontrjagin number of M (| HLij ). The number 
J^^ pivM is also three times the algebraic number of triple points of an immer- 
sion in general position f [Herbert] ) . A compact, oriented 4-manifold admitting 
a CR generic immersion in must have x{M) = piM — 0; the converse prob- 
lem, finding a sufficient condition for the existence of a CR generic immersion, 
is considered by |JL| . 

Example 3.7. Consider the complex projective space A = CP^, and a non- 
singular, degree d complex hypersurface Y C <CP^. In terms of the hyperplane 
class H in the cohomology ring of CP^, there are well-known formulas f |GH| 
§1.1, 3.4, 4.6) for chcrn classes: C2(TCF3|y) = qh^^ ci{TCP^\y) = 4:H, and 
ciuY = dH. Since Jy H"^ = d, 

J {c2{TCP'^\y) + (cii^Yf) = 6c^ + d^ 
j^{c2TY + civY ■ ci{TCP%)) = x(n+4d'. 
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Let M be a smooth real submanifold of CP"^ isotopic to Y, that is, homotopic 
through a family of smooth embeddings. Then the chern classes of Y pull 
back to classes on AI, and if Af is in general position, then 



= 6d + (f = I+-I-, 

[ {c2TY + cii^Y ■ ciiTCP^ly)) = [ (n + n- ciiTCP^lM 
Jy Jm ^ 



X(M) + 4(f = I++I- 



by the formulas from Example 1 3. 5 1 These numbers are always positive; there is 
no CR generic submanifold of CP^ isotopic to a smooth complex hypersurface. 
One also expects that sufficiently nearby perturbations of Y would have only 
positively oriented complex tangents (iV^ = 0), so /_ = and we recover 
the formula xiY) = xiM) ^ <f - Aef + 6d ([GH] p. 601). 

In particular, consider the holomorphic embedding given in homogeneous 
coordinates by c : CP^ CP^ : [zq : zi : Z2] [zq : zi : Z2 : 0], so 
the image F is a complex hyperplane with degree d = 1. CP^ considered 
only as a smooth, oriented 4-manifold (forgetting its complex structure) has 
X(CP2) = 3. An embedding of M ^ CP^ as an oriented real submanifold 
in general position and isotopic to c has seven complex tangents, counted as 
an index sum with multiplicity according to either the /+ + /_ or /+ — /_ 
sign convention. In Section [6] we give a concrete example of such an isotopy 
from c to a smooth embedding <CP'^ CP^ in general position with exactly 
seven CR singular points in N2 , each with index = +1: /+ = e+ = 7, 
/i+ = /_ = e_ = /i_ = 0. 

Remark. If t : CP^ — > CP^ is any immersion (or any continuous map homo- 
topic to an immersion), then l is homotopic to either the embedding c from the 
above Example, or the composite c o k, where k is the orientation-preserving 
involution [zq : z\ : Z2] 1— > [^o ■ ^1 ■ ^2] ( [Thomas] . [LP]). Equivalently, either 
i or i o K is homotopic to c. 

3.4. Local coordinates for the Grassmannian. 

For < m < 2n, each element v G G(m,M^") is the image of some linear 
map M™ K^" with standard matrix representation X^nxm of rank m, and 
any two linear maps with the same image are right-equivalent {X ~ XY 
for invertible Ymy.m)- If is the m-plane {{vi^ . . . , Vm, 0, . . . , 0)"^} in M^", 

then it is the image of X*^ ~ ( ^^^^"^ j ^ and any elements sufficiently 

\ / 2nxm 

near are the image of some linear map whose matrix representation can be 
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column-reduced to the form 
(3.3) 



1. 



(2n-m)xm J 2nxm 

The matrices y in a neighborhood of the (2n — m) x m zero matrix form 
a local coordinate chart around u° in G(m,M^"). The inverse image of a 
sufficiently small chart under : SG{m,M?'"-) G(m,IR.^") gives a pair of 
charts in SG{m, R-^"), one around each element of J^~^{v^), the m-plane with 
its two possible orientations. 

^" has coordinates {xi,yi,. . . 



In the case where m is even and 
and a complex structure operator 



,yn) 



J: 



2nx2rt 



/ 

1 



V 



/ 



consider the m-plane 

v° = {{xi,yi, . . . ,X^/2,ym/2,0, ■ ■ ■ ,0)'^}- 

Since is J-invariant, G C. Any element v of the intersection of C with 
the local coordinate chart around would have matrix representation X = 
1 
V 



such that J ■ X X. The equivalence 



2nxm 



J- 



1 

V 



J 

J ■ V 



{-J)r. 



^(2n—m)x(2n—Tn) 



1 



■V 



shows V G C 



-J-V-J 
V ■ J = J ■ V, that is, V is complex 



. V = -J-V-J 
linear with respect to Jmxm and J(2n-m)x(2n-m)- 

For example, in the m = 4, n = 3 case, the coordinates near in the 



8-dimensional space (7(4, M°) are of the form V ■ 
the elements of C have coordinates V satisfying 



ai 
bi 



02 
62 



as 



hi 



and 



fli 
hi 



-1 




02 
62 



03 
63 



fli 
hi 



04 
64 



02 03 

&2 ^3 

/ 

1 



04 

&4 
-1 





/ 
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This hnear condition on ai, . . . , 64 has a 4-dimensional solution subspace 

{61 = -02, 62 = ai, 63 = -04, 64 = 03}. 

Now consider with its orientation as a complex subspace of (R^, J), 
so 1;° e C+ C S'G(4,M^). Also, instead of 2 x 4 matrices, we put the 
eight coordinate functions for 5'G(4,R^) near v'^ in a column vector format, 
(ai, 02, a3, 04, 61, 62, &3, 64)"^. Then, in this chart around v'^, C+ is the image 
of the linear map — > R* with matrix representation 

\ 




1 




-1 





/ 1 






1 



V 





1 




-1 



l4x4 
•^4x4 



Returning to the general situation of codimension 2 in 
still holds, so that C+ is the column space of ^ ^ 

coordinate chart around in SG{2n — 2,R'^"). 



Z", the above pattern 
in the 

2(2n-2)x(2n-2) 



4. A REFORMULATION OF GARRITY'S TRANSVERSALITY CRITERION 

Given a real (2n — 2)-submanifold of C" with a CR singular point, we 
now consider the problem of determining from the local defining equation 
whether M is in general position, as defined in Section [3l and if so, how the 
local defining equation determines the intersection index. The transversality 
problem was also considered by |Garrity| for real (2n — 2)-submanifolds of 
C", using different methods but arriving at an equivalent result. Our result 
('Theorem l4.ip relates transversality to an expression in terms of the coefficient 
matrix notation from Section O 

4.1. A determinantal formula. 

We begin by assuming M is in standard position, given an orientation 
agreeing with the orientation of its complex tangent space at the origin. M 
can be described by a complex implicit equation (j2.1[) in a neighborhood A 
of 0: 

(4.1) = Zn-h{z,z) = Zn- {z'^Qz + z'^Rz + z'^Sz + e{z,z)) . 

If we now consider two real functions, /^(xi, . . . , y-n-i) = Re(ft-(z, z)) 
and P{xi, . . . , Un-i) = Ira{h{z, z)), then the real (2n — 2)-manifold M has a 



local parametrization tt with domain T) C 



and embedding target 



(4.2) 



TT : {xi,.. .,Vn~lf ^ {xi, . . . ,y„_i,/\/^)^. 
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The differential of tliis map assigns to each point z G I? the linear map from 
p2n-2 1-^^ rp ^ Tn)2ri. ^j^jg linear map has matrix representation: 



-2 to T^(,)M C 



'■(2n-2)x(2n-2) 



dy 
df 



dy. 



- J 



(2n)x(2n-2) 

This matrix is already in the form (|3.3p , so in the local coordinate systems tt 
for M and V for SG{2n — 2,R2"), the oriented gauss map has the form 

/ df^ ... df^ \ 
7, : (a;i,yi,...,a;„_i,y„_i)^K^ I ^ J 

\ dxx dy„-i / 2x(2n-2) 



This map takes the CR singular point E M C (M^", J) to the complex 
hyperplane t;° e C+ C SG{2n - 2,R2n)^ ^ith coordinates V = 02x(2n-2)- H 
we arrange the above two rows into column vector format (as in the end of 
Subsection l3.4p . then the differential of the gauss map at the origin has matrix 
representation: 








dxi \ 




^( 


df' 




dy„-i 


d 






\dxi J 


d 


(d£l) 


dx I 


\dyi 1 



d 
dx-i 



df' 



V — 

\ dxi 



dVn-l 









( d^ ^ 


d 


dyi 










d 


dyi 




dXn_ I 




dy-n 



dy„ 



dyn 



'_dfLS 

d t df^ ^ 

d fdfl] 

dyi I 



dyn 



dyn-1 



dy„ 



dxj-i _ 

df^ 



\ 



Hp 

/ 2(2n-2)x(2n-2) 

where Hf^ and Hf^ are the real (2n — 2) x (2ri — 2) real Hessian matrices of 
second derivatives, evaluated at {xi, . . . , y-n-i )^ = (0, ...,0)^. The tangent 
space of the image 7^(Af) at 7^(0) — is spanned by the columns of this ma- 
trix, so in the coordinate chart around v^, it is a (2n— 2)-dimensional subspace 
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that meets C"*" transversely if the columns of this matrix are independent: 

1 Hp 



(4.3) 



J Hf 



2(2n-2)x2(2n-2) 

So, M has a CR singularity in general position if and only if the determinant 
of the above matrix is nonzero. The intersection index at the origin is related 
to the sign of the determinant: ind = +1 for det > 0, ind — —1 for det < 0. 
This product has the same determinant: 

1 \ / 1 Hf \ _ f ^ 
1 J ) ' \ J Hf j ^ V Hf^ + J ■ Hp 

so calculating the determinant reduces to a smaller, (2n — 2) x (2n — 2) real 
determinant, det{H p + J ■ Hp). 

In the TO = 4, n = 3 case, the 4x4 matrix H + J • Hp is: 



(4.4) 



/ fl _ f2 fl - f2 fl _ f2 - f \ 

I Jxixi Jyixi Jxiyi J yiyi J xiX2 J yiX2 J xiy2 J yiy2 \ 

rl A rl A rl A rl A 

Jyixi ' Jxixi Jyiyi ' Jxiyi J yiX2 ' J xiX2 J yiy2 ' ■> xiy2 

fl — f2 fl _ f2 fl — f2 fl _ f2 

J X2XX Jy2Xi Jx2yi J myi ■1x2x2 J y2X2 ■> X2y2 •'1/22/2 

V fl + f2 fl + f2 fl + f 2 fl + f2 / 

\ ■'y2Xi ' JX2X1 Jy2yi ' J X2yi J y2X2 ^ -1x2x2 •'2/22/2 ' •'2:22/2 / 



evaluated at (xi, j/i, 2:2, ^2)^ = (0,0,0,0)"^". These real number entries can 
be expressed in terms of the derivatives at the origin of the original function 
h{z,z): 

^ Re{hzizi+hz^zi) Im(-/izjzj+hzjzj) Re(hziz2 +'iziz2 ) Im(-hziz2 +'iziz2)\ 

2 



Im(h2j2j+/i2j2j Re(/izizi - ^zizi) Im{hzj^z2+^^i^2) R-e(/i2^^2 " ''2122 ) 

Re(/lziZ2+'*zlZ2) Im(-hziZ2+^zlZ2) Re(/lz2 Z2 + 'lz2 Z2 ) Im(-/lz2 Z2 + ^Z2 Z2 ! 
\ Im(hziZ2+'lziZ2) Re(/lziZ2 - '*ziZ2) Im(?tz2 Z2 + ^Z2 Z2 ) Re(/lz2 Z2 " '*Z2 Z2 ) / 



evaluated at z = (0,0)"^. We note that these entries do not depend on the 
second z-derivatives /i-zjZfc, which are determined by the coefficient matrix Q 
in (|4.ip . This agrees with the notion that transversality and the index should 
not depend on the local holomorphic coordinate system, since it was shown in 
Section [2] how the coefficients Q could be arbitrarily altered by holomorphic 
coordinate changes. However, it is not as easy to see from the form of (|4.3p or 
(|4.4|) that they do not depend on the Q coefficients. We also see in the above 
matrix that the entries depend only on the coefficients from R and S in the 
expression ()4.H) for h{z, z), and not on e(z, z) = 0(3). 

By Lemma l473l (the proof of which is left to Subsection l4.3|) . the determinant 
of the above matrix is equal to 



2* det 



R 2S 
25 R 



The above calculations (including the Lemma) generalize to other dimensions 
n, and the index formula is even simpler with the defining equation in the form 
(|2.12p . with (rt — 1) X (n — 1) complex symmetric coefficient matrix P = 2S: 
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Theorem 4.1. Given a real {2n~2)-submanifold M in C" with a CR singular 
point in standard position and local defining equation: 

(4.5) Zn = + Re (z'^Pz) + e(z, z), 

then M is in general position if and only if the matrix 

R P 
P R 



r = 



is nonsingular. Further, if M is given an orientation agreeing with the ori- 
entation of the complex (zi, . . . , Zn-i)-hyperplane tangent to M at 0, then the 
intersection index (±1) is the sign of the determinant det(r). I 

Example 4.2. In the n = 2 case, if M is in standard position, oriented to 
agree with the orientation of the zi-axis near the origin, and has defining 
equation 

Z2 = zizi + 7izJ + 7iz^ + e(zi,zi) = ziZi + Re(27iz^) + e(zi,zi), 71 e C, 

then the index is the sign of det ^ ^ ^ = 1 — 47171, which is +1 for 

< I71I < 5 and — 1 for I71I > i. M is not in general position for |7i| = ^ 
(the "parabolic" case). 

For n in general, the real number value of det(r) is not an invariant under 
holomorphic transformations, but the sign of the determinant is; generalizing 
the action of the group from (j2.13p to n dimensions, 

(4.6) iR,P)^ {cA^RA, cA^PA) , 

for A — A(„_i)x(n-i)5 c = c„.„. The determinant of T transforms as: 



det 



(4.7) = det 

= |c|2("-i)|detA|4det 



zA^RA cA^PA \ 
cA^PA cATRA J 

A^ \ f cR cT'X f A 
A'^ [ cP cR [ A 



R P 
P R 



Even if the determinant is zero, (|4.7p shows that the rank of F is a biholo- 
morphic invariant. 

It also follows from the transformation formula that the vector 

(I det (i?) I M det (P) 1 2, det (F)) G 

has an invariant direction (the expression is invariant modulo positive scalar 

multiplication), and ratios such as ^ are numerical invariants (when 

' |det(P)|2 ^ 

well-defined). 
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4.2. Invariants at flat points. 

In the holomorphically flat case (as in Subsections 12.21 12.5|) , wlierc in some 
local coordinates h{z, z) is real valued and so M is a real (2n— 2)-hypersurface 
inside R^""! = {y„ = 0}, and = in g^), the (2n - 2) x (2n - 2) matrix 
Hf^ + J-Hf^ (14. 4p is just the Hessian Hf^. Since Hf^ is a real symmetric ma- 
trix, it has all real eigenvalues, and it follows from the above construction and 
the Proof of Lemma l4.3l that F is Hermitian symmetric, with real eigenvalues 
equal to i times the eigenvalues of Hf^. When M is oriented as in Theorem 
14.11 so the normal vector at the origin is in the positive x„ direction, the Hes- 
sian is exactly the matrix representation of the Weingarten shape operator at 
the origin ( [Thorpe] ). Its determinant is the Gauss-Kronecker curvature (the 
product of the 2n — 2 real eigenvalues, which are the principal curvatures). 
So, when AI is a hypersurface in R^"~^, in general position, and positively 
oriented at a CR singular point, the index and the curvature have the same 
sign, which is [L] Lemma 4.11. If we consider holomorphic coordinate changes 
that preserve the property that M is contained in K^"~^ (as in Subsection 
12. 5p . then the matrix A in the transformations (j4.6|) . (|4.7p may be arbitrary, 
but if i? 7^ 0, then c must be real. The A part acts as a Hermitian con- 
gruence transformation on F, preserving its rank p(F) and signature {p,q), 
but if c is negative, then the signature is switched to {q,p). For i? = 0, the 
transformation (j4.7p is a Hermitian congruence transformation of F for any 
complex c 7^ 0. We can conclude that for M C R^"^^, the rank p(F) and the 
quantity cr(F) = |p — (/j (from which one can recover the signature, modulo 
switching, of F) are invariant under holomorphic transformations preserving 
the real valued property of h{z,z). Since the action of (c, A) on F is not 
affected by the higher degree terms, p(F) and cr(F) are also invariants of a 
defining function h{z,z) in a quadratically flat normal form, under holomor- 
phic transformations preserving the property of being in a quadratically flat 
normal form. 

For Hermitian i?, if we think of the quadratic part of (|4.5p . 

f^Rz + Re (z^Pz) , 

as a real valued quadratic form on M^"^^, then its zero locus is a real alge- 
braic variety. The dimension of this variety, and whether it is reducible or 
irreducible, are properties that are invariant under scalar multiplication of the 
form, and also under real linear coordinate changes of the domain In 
particular, they will also be invariants under complex linear transformations 
z ^ Az of C"^^. Real valued quadratic forms on C"~^ are considered by 
[CS| . where the zero set is called a "quadratic cone" if it is irreducible and 
has dimension 2n — 3. The action of scalar multiplication and complex linear 
transformations A on the set of equations of quadratic cones in C"~^ is the 
same as the above action (|4.6p on the set of matrix pairs (i?, P) appearing in 
a quadratically flat normal form. 
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In the n = 3 case, a list of equivalence classes of real valued quadratic 
forms defining quadratic cones in is given by |CSj , and each type of cone 
corresponds to one of the normal forms for 2x2 matrix pairs (i?, P) com- 
puted in Subsection 12.4.11 Our list of normal forms for pairs {R, P) , with R 
Hermitian, (summarized in Examples 17.31 - 17. 7p is longer since [CSj excludes 
the reducible and lower-dimensional varieties. 



4.3. Some matrix calculations. 

n and 5 = f ^ I? 
y b J \^ c d 

complex entries. Consider the following 4 



Let R = 



be 2 X 2 matrices with arbitrary 
X 4 matrices with real entries: 



R! = 


/ Re(a) 
Im(a) 
Re(y) 

\ Im(Y) 


— Im(a) 
Re(a) 

— Im(y) 
Re(y) 


Re(P) 
Im((3) 
Re(6) 
Im(6) 


-Im((3) \ 

Re((3) 
-Im(6) 

Re(6) j 


S' = 


( Re(a) 
Im(a) 
Re(c) 

^ Im(c) 


Im(a) 

- Re(a) 
Im(c) 

- Re(c) 


Re(b) 
Im(b) - 
Re(d) 
Im(d) - 


Im(b) \ 
- Re(b) 
Im(d) 
-Re(d) / 


Lemma 4.3. det(i?' -\ 


- 5'')4x4 = 


det(^ 1 






Proof. Let 














/I . 



\ 

1 i 






1 

\{) 




1 -^ ) 





Then if is a unitary matrix with dct (A') = 1. A calculation shows that: 

KS'K- ^ 



Since det(i?' + S') = dGt{K{R' + S')K'^), the claimed formula follows. 



The Lemma generalizes to complex n x n matrices and the corresponding 
2n X 2n matrices following the same pattern. In the n = 1 case, the analogous 
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matrix K is K = ^ y | * . j , for n = 3, 

\ 

1 
1 i 

-i Q {) 
\ -i ) 

etc. Even without the result of the Lemma, it is easy to see that elementary 
identities imply i ^ j has a real determinant. In the application 

\ / 2n X 2n 

of the Lemma in Subsection 14.11 the S block is assumed to be symmetric — 
however, the Lemma does not need that assumption. 



K = 



V2 
2 



/ 1 


i 











1 











1 


—i 











1 


I 









5. COMPLEXIFICATION 

We return to the description of M C R^n _ (^n ^-j^g image of a real 
analytic parametric map, with domain T) C M^""^ and target C". Re- writing 
Equation (|4.2p in complex form gives: 

Z ^ (Z, h{z, Z)) = (Zl, . . . , Z„_l, Zl, . . . ,Z„_1, Zn-l)). 

The following complex analytic map, with domain C C^"^^ (as in (|2.3p ) 
and target C", is a complexification of the above parametric map: 

(zi, . . . , Z„_i, Wi, . . . , Wn-l) ^ (zi, . . . , Z„_i, /l(zi, Wi, . . . , Z„_i, W„_i)). 

The coordinates w = (wi, . . . , Wn-i) are new complex variables; the new map 
restricted to w — z (by substitution in the series expansion of h{z,z), as 
in (|2.2p ) is exactly the original map. A geometric interpretation of such a 
complexification construction (as the composite of a holomorphic embedding 
Dc — > C^" and a linear projection C^" C") is given in [C3J §4; the n = 2 
case is used in jMW| . The complex map is singular at the origin (its complex 
Jacobian drops rank there since h{z, w) has no linear terms). 

The origin-preserving local biholomorphic transformations of C" , z = C z + 
p{z), as in (|2.9|) . act on the function /i(z, z); this induces an action on the com- 
plex map (z,?«) 1-^ (z, /i(z, w)). This group of transformations is a subgroup 
of a larger transformation group, which acts on the set of (germs at the origin 
of) maps C^"^^ — > C", by composition with origin-preserving biholomorphic 
transformations of both the domain and the target. The algebraic interpre- 
tation of the complexification construction is that the larger group allows the 
transformation of the z and w (formerly z) variables independently. Any in- 
variants under the larger group action will also be invariants under the action 
of the subgroup. 
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In the case n — 2, the map (zi, wi) i— *■ (zi, h{zi, wi)) can be put into one of 
three normal forms under the larger group: (zi, wf +0(3)), (zi, ziwi +0(3)), 
(zi.0(3)). As described in IC3I , the first two cases correspond, respectively, 
to Whitney's fold and cusp singularities of maps ^ C^. In the fold case, 
a point near the origin in the target has two inverse image points. 

In the case n ^ 3, the map ^ C'^: 

(2l,Z2,Wl,W2) 1-^ (zi,Z2,/l(zi, Wi,Z2,W2)) 

can be transformed to (zi, Z2, Q{z, w) + 0(3)), where Q(z, w) is the quadratic 
part, falling into one of the following six normal forms (the calculation is 
omitted): 

wf+wl, Z2W2+'wl, wl, Z1W1+Z2W2, ZiWl, 0. 

With h{z,z) of the form (|2.ip . the rank of the coefficient matrix S is an 
invariant of the complexification under the large group, and so is the rank of 
(i?|S')2x4- These two numbers uniquely determine the equivalence class of the 
quadratic part under the larger group; the rank of R is not an invariant. The 
first of the above six cases is the generic one, where p{S) = 2 and the inverse 
image of a point near the origin in the target C'^ is a complex analytic curve 
in V, C C''. 

6. Various global examples 

Here we collect some examples of compact real 4-manifolds embedded in 
complex 3-manifolds. 

Example 6.1. The real 4-sphere has a real algebraic embedding in a real 
hyperplane C C^, which is (globally) holomorphically flat. For positive 
coefficients di, d2, da, d4, ds, the implicit equation 

dixl + d2yl + dsxl + d^yl + d^xl = 1 

defines an ellipsoidal hypersurface in the real hyperplane = 0. There are 
exactly two CR singularities, where the tangent space is parallel to the (zi , Z2)- 
subspace. The two points are holomorphically equivalent to each other, and 
the two local real defining equations can be put into a complex normal form 
(|2.12p with TV = 1, and P real diagonal. The Hessian at each point is definite, 
with the entries of P in the interval [0, 1), depending on di, . . . ,d5. Putting 
an orientation on S'^ induces opposite orientations at the two points, so /+ = 
/_ = 1, consistent with the characteristic class formulas from Subsection 13.31 
for any immersion of S** in general position in C'^, /+ + /_ =x{S^) = 2, and 
I+-I^ = -piS^ 0. 

Example 6.2. Every compact, oriented, three-dimensional, smooth manifold 
admits a smooth immersion in R"*, ti : ^ f [Hirsch| . [JL]). Not 
every such 3-manifold admits an embedding, but the manifolds S^, S'^ X 
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S^, and X X all can be embedded as hypersurfaces of revolution in 
K . There is an immersion (but not an embedding) of RP^ in f |Hirsch| . 
[M]). Also consider any oriented immersion of the circle, r2 : 5*^ — > M^. For 
any (almost) complex structures on and is a CR regular immersion, 

T2 is a totally real immersion, and the product n x T2 : x S"^ — > M* x 
is an oriented, CR regular immersion (with respect to the product complex 
structure). The index sums /+ = /_= are consistent with the topological 
formulas from Subsection 13.31 since x{M^ x S^) and pi{M^ x S^) are both 
zero. 

Example 6.3. The 4-manifold S*^ x S*^ does not admit any CR regular immer- 
sion in C'^; an immersion in general position will have /++/_ = xi^^ x S'^) = 4 
and — = —pi{S'^ X 5^) = 0, so /+ = /_ =2. We consider a real algebraic 
embedding in xM.^, given by a product of ellipsoids: 

(6.1) axj + byf + cxj = 1, 

dxl + ey^+fyl = 1, 

with positive coefficients a, . . . , f . There are exactly four CR singularities, at 
the points with zi = Z2 = 0. Solving the real defining equations for 3:3 and 
2/3, setting Z3 = X3 + iy^, and translating the CR singularities into standard 
position, the local equation at each point is real analytic: 




where the four CR singular points correspond to the four sign choices r/i — ±1, 
772 = ±1. After a transformation (|2.5|) . the equation can be written in the 
form (|2.12p . with diagonal coefficient matrices {R,P): 



Z3 = {Z1,Z2) 

+ Re (zi,Z2) 



4Vf 

a-b 
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The normal form for the coefficient matrix pair, from Case (la) of Subsection 
12.4. H has the same form for all fom- points: for rji =772, 




|a-b| 
a + b 







{R,P) 
and for 771 = —772, 

{R,P) 

I \ 1 1 1,1 \ II 

a + b 

not depending on c, f . The non-negative diagonal entries are local biholomor- 
phic invariants. For any values of a, b, d, e, 771, 772, the matrix pair satisfies 
det(r) > 0, so the index is -1-1 for each CR singular point; there are two 
complex points and two anticomplex points. 

We also note that this particular embedding of S"^ x S"^ is contained in the 
(Levi nondegenerate) real hypersurface 

zxl + hyl + cxl + dxl + eyl + fy^ = 2, 

an ellipsoid in C'^. So, the 4-manifold S*^ x S"^ admits some topological em- 
bedding as a hypersurface in K.^ , but the extrinsic geometry of this product 
embedding (j6.ip is that globally, it is not contained in a Levi flat hypersurface, 
and locally, it is not quadratically flat at its CR singular points. 

Example 6.4. Consider M = CP^ with homogeneous coordinates \zq : z\ : 
Z2] and A = CP^ with coordinates [Zq : Zi : Z2 : Z^]. For each t g R, let 

it : CP2 ^ CP3 : 
(6.2) [2:0:^1:22] ^ [zo-V:zr-V:z2-V:t-Ql 

where V is the polynomial expression 

V = V{zq, zi, Z2) = 620^0 + ^1^1 + 622^2 

and Q is the polynomial expression 

Q = 2(^0, ^1,^2) = 2zoZi + 2zo2;iZ2 - Z0Z2Z1 + 2zxZ2Zq. 

Note that for any \zq : z\ : Z2], 7^ 7^ 0, and the first three components in the 
RHS of (|6.2[) have no common zeros. The formula (|6.2p also has a homogeneity 
property: 

it{{\ • zq : A • zi : A • Z2]) = [A^A ■ z^ -V : ■ z^ -V : ■ Z2 -V : ■ t ■ <3\, 

so Lt is well-defined. Observe that for < = 0, 

to([zo : zx ■■ Z2]) = [zo ■ ^ : ^1 • ^ : Z2 • ^ : • Q] = [zo : ^1 : ^2 : 0] 

is exactly the embedding c from Example 13.71 To show that for each t, it is 
a real analytic embedding, and that the family it is real analytic in t (so that 
this construction is an isotopy as in Example 13.71 and an "unfolding" as in 
IC3I ), we view it in local afHne coordinate charts. 
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The restriction of Lt to the {zq = 1} neighborhood has image contained in 
the {Zq 7^ 0} neighborhood of the target CP'^, and is given by the formula: 

i- Q(l,Zi,Z2)" 



I: zi: Z2 



[1 : 2i : Z2] 



(6.3) {zi,Z2) ^ [zi,Z2 



V{l,Zi,Z2) 

t ■ (2zi + 2ziZ2 — Z2Z1 + 2Z1Z2) 



6 + zizi + 6^22:2 

This is a graph over the (zi, Z2)-hyperplane of a rational (in z, z) function 
i<"t(zi, zi, Z2, Z2) — t ■ Q/V with a non- vanishing denominator, so this restric- 
tion of t-t is a real analytic embedding. The dependence on t is real analytic, 
where to is just the graph of the constant function 0. For each t ^ 0, the graph 
is a smooth real submanifold Mj in C^, which is not a complex submanifold 
but which inherits its orientation from the (zi, Z2)-liyperplane. Its CR singu- 
larities can be located by solving the system of two complex equations 

(6.4) -^Ft = 0, -^Ft = 0. 

dzi az2 

The solution set does not depend on t (for t 7^ 0), and it is easy to check 
that each of the following five points (CiiCs) iu the domain is a zero of the 
z-derivatives: 

{(0,2), (73,1), (-a/3,1), (3i,-l), (-3i,-l)}. 

The points (Ci, C2, Pt(Cij Cij C2, C2)) are the CR singularities of Mj, each with 
a positively oriented complex tangent space. Given Ft, calculations with the 
assistance of |Maple| found the above five points by solving four real equa- 
tions in four real unknowns, and (omitting the details) verified that these five 
points are the only solutions of (|6.4p in this neighborhood. 

The challenge in constructing this example by making a good choice for the 
above V and Q is to find coefficients which are simple and sparse enough so 
that solving the system is a tractable computation with a numerically exact 
solution set, but not so simple that Mt is not in general position and has a 
CR singularity with a degenerate normal form (ind 7^ ±1). 

To calculate the index of the CR singular point at (Ci, C2, Ft), we will use 
Theorem 14.11 and find the sign of det(r) — this is where we need the exact 
coordinates of the CR singularities. By the form of (|6.3p . it will be enough 
to check the t = 1 case, since for t 0, Mt is related to Mi by an invertible 
complex linear transformation of C'^. 

Corresponding to the solution (0,2), translating the CR singular point to 
the origin in gives a multivariable Taylor expansion: 

4 111 



Fl(zi, Zl,Z2 -I- 2,Z2 + 2) = — Zl - — Z:iZ2 - —Z1Z2 - —22^1 + 0(3). 

15 25 25 30 

The linear term can be eliminated by a complex linear transformation Z3 = 
Z3 + C31Z1, which does not change the quadratic or higher degree terms and 
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brings Mi into standard position ()2.ip . The {R, S) coefficient matrix pair sat- 
isfies S = 02x2 and det(i?) ^ 0, so T = ^ ^ '^^^^^^ = I det(i?)P > 

0. This CR singularity has index +1. 

Similarly, corresponding to the solution (VS, 1), translating to the origin 
gives the series expansion; 

/g 

i^l(2l + V3, Zl + VS, Z2 + 1,Z2 + 1) - — 

1 V3 VS 2 1 2%/3 2 

= - 15^^ - 75 "1 + 15"^"^ + 

8\/3 4 _ 4 _ 8^/3 _ 

ziZi H Z1Z2 Z2Z1 2929 + Co. 

225 75 75 75 " ^ ^ ^ 

Again in this case, the holomorphic terms are irrelevant, S = 0, and det(i?) ^ 
0, so the CR singularity has index +1. Each of the remaining three points, 
by a similar (but omitted) calculation, also has index +1, so Mi is in general 
position. 

It remains to check the points "at infinity," where zq = and it restricts 
to a holomorphic linear embedding 

[0 : 21 : 22] [0 : 21 • 75 : 22 • 75 : i • 0] = [0 : 21 : 22 : 0]. 

This restriction is one-to-one and misses the image of Ft in the {Zq = 1} 
affine neighborhood, which shows that it is one-to-one for each t. 

To look for more CR singularities on the line at infinity, we consider the 
restriction of it to another affine coordinate chart. The restriction of it to the 
{zi = 1} neighborhood has image contained in the {Zi 7^ 0} neighborhood of 
the target CP^, and is given by the formula: 

i- 2(20,1,^2) 

20 : 1 : 22 • 



[20 : 1 : 22J i- 
(6.5) (20, 22) 1-^ ( 20, 22, 



7^(20, 1,22) 
t ■ (2zq -I- 22022 — 2022 -I- 22220) 
62020 -I- 1 -I- 62222 

This is another graph of a rational function 6*4(20,20,22,22) = t ■ Q/V with 
a non-vanishing denominator, which is real analytic in 2, 2 and t. Since we 
have already found all the CR singularities of the form tt([l : 21 : 22]), we 
can simplify the computational problem of finding new CR singularities in the 
graph of Gf by adding the equation 20 = to get this system: 

(6.6) -^Gt = 0, -^Gt = 0, 20 = 0. 

c!2o az2 

The solution set does not depend on t (for t ^ 0), and a calculation with 
[Maple] shows that (Co, C2) = (0, 0) is the only solution of The graph 
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of Gt is already in standard position; at < = 1, the quadratic part of the 
defining function is the numerator from (j6.5|) : 



Gi(zo, 2:0,22,^2) = + 2zqZ2 - zqZ2 + IZ2ZQ + 0(3). 

This is a CR singularity with index +1; the graph is in general position. 

There is one last point to check, tt([0 : : 1]) = [0 : : 1 : 0]. The 
restriction of it to the {z2 = 1} neighborhood is given by the formula: 

i -2(20,21,1) 

Zo : 21 : 1 • 



[20 : 21 : 1] 1- 

(20,21) 1-^ (20,21 



7^(20,21,1) 
t ■ {2zqZi + 2zoZi — 2o2i + 221Z0) 
62020 + 2121+6 

Since this image is also a real analytic graph, tt is a (global) real analytic 
embedding depending real analytically on t. The origin in this neighborhood 
is another CR singularity of the image; the graph is already in standard 
position and, for t 7^ 0, in general position, with a CR singular point of index 
+1. 

The conclusion is that for i 7^ 0, it : CP^ CP^ has exactly seven CR 
singular points, at the image of 

{[1:0: 2], [1 : ±V3 : 1], [1 : ±3i : -1], [0:1:0], [0:0: 1]}. 

Every image point is in N2 (positively oriented tangent space), with index 
+1, consistent with the characteristic class calculations of Example 13.71 



7. Summary 

Theorem 7.1. Given a real analytic 4- dimensional submanifold M in , for 
any CR singular point there is a local holomorphic coordinate neighborhood so 
that the CR singular point is at the origin, the tangent space is the (21,22)- 
hyperplane, and the local defining equation for M is given by 

23 = h{z,z) 

(7.1) = (21, 22) ^ + Re (^(21, 22)P(^ +6(21,21,22,22), 

where e{z, z) = 0(3) is real analytic. The coefficient matrices N , P fall 
into one of the cases from Table 1, and exactly one (modulo equivalences as 
indicated). I 

In the following table, the third column is the number of real moduli for 
each case. The last column indicates the sign of det(r) that can occur for 
various values of the entries of TV and P: positive, negative, or zero (+, — , 0). 
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N 

1 

e'" 



b 
d 
b 
d 

b 




Table 1 

a>0,rf>0,6~-6eC +-0 
b>0,d>0 +-0 
a>0,6>0 +-0 



1 
1 



a 
d 



0<a<d 



+ -0 



1 
-1 



a 

d 

b 
b 

1 1 
1 1 



< a < d 
6 > 



+ -0 
+ 
+ 



1 

1 



b 
b 1 

1 
d 



5 > 
lm{d) > 



+ 

+ 



1 

T 

< r < 1 



b 
d 
b 
d 
b 




1 

d 



1 







6 > 0, |a| = l,(a,d) ~ (-a,-d) +-0 
b>0,\d\ = l,dr^ -d +-0 
5>0 +-0 

dec +0 

+ 
+ 



1 




a 

1 

1 






5 > 0,a e 

6 > 
6 > 
a > 



+ -0 
+ -0 
+ -0 
+ 
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Table 1, continued 



TV 



1 

1 i 



a 

d 

b 

b 



d 



a> 0,de 
6 > 
d > 



1 




a 

1 

1 

1 
a 




a > 



a > 



- 








1 

1 

1 






Theorem 7.2. Given a real analytic 4-dimensional submanifold M in 
with local defining equation (|7.ip in one of the normal forms from Theorem 
17.11 if the quadratic part ofh(z,z) in (|7.ip is real valued, then the coefficient 
matrices N , P fall into exactly one of the cases from the following Examples 



The whole numbers in the middle columns are invariants of the defining 
function h{z, z) under the group of local biholomorphic coordinate changes 
that preserves the property of being in a quadratically flat normal form. 

As previously mentioned, related lists of normal forms for pairs have ap- 
peared in U, [E], and [CS]. 
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Example 7.3. For = , p{N) = 2, a{N) = 2, 



p 




p{P) 


p(7V|P) 

r \ 1 / 


p(r) 


o-(r) 


siffnfdetfr)) 




A 









2 


4 


4 


+ 




f ] 
\ d ^ 




< rf < 1 


1 


2 


4 


4 


+ 




( \ 
^01, 






1 


2 


3 


3 







( \ 
{ d ^ 




1 < d 


1 


2 


4 


2 


- 




f a ^ 
{ d J 




< a < d < 1 


2 


2 


4 


4 


+ 




f a \ 
{ 1 J 




< a < 1 


2 


2 


3 


3 







( a \ 
\0 d J 




< a < 1 < 


2 


2 


4 


2 






1 ^ ^ ^ 






2 


2 


2 


2 







M ^ 

{ d ^ 




1 < d 


2 


2 


3 


1 







f a Q \ 
{ d J 




1 < a < d 


2 


2 


4 





+ 



The diagonal elements of P in the above table are the previously mentioned 
"generalized Bishop invariants." This is the only Example where cases with 
cr(r) = 4 occur, i.e., where F is definite, or, equivalently, where the real 
Hessian is definite, as discussed in Subsection 14. II These are the points called 
"flat elliptic" points by |DTZ| and [DolbeauTt] , and they appeared in the flat 
embedding of the ellipsoid in Example 1 6. II The definiteness of F characterizes 
this elliptic property among all the equivalence classes from Theorem 17.21 and 
Examples 17.31 - FfTfl The first line in the above chart, where P = 0, represents 
the case considered by |HYI . 

We also see a difference from the real surface M C case, where a com- 
plex point (in iVj^) has the elliptic property if and only if ind = +1. That 
characterization does not generalize to dimensions to = 4, n = 3; even in 
the above table, flat elliptic complex points have ind = +1, but so do some 
quadratically flat, non-elliptic points. 

The normal forms in the above table with full rank p(r) = 4 and indefinite 
signature cr(F) = 2 or represent the equivalence classes of points called 
"hyperbolic" by [DolbeauE] . 
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Example 7.4. For = ( ^ _^ j , p{N) = 2, a{N) = 0, 



p 




P{P) 


p(Ar|P) 


p(r) 


a(r) 


sign(det(r)) 




f {] {] \ 
V " y 









2 


4 





+ 




f \ 
{ d 




0<d<l 


1 


2 


4 





+ 




} \ 






1 


2 


3 


1 







M ^ 




Kd 


1 


2 


4 


2 






r a ^ 
I d y 




< a < < 1 


2 


2 


4 





■ 




r a S 
{ 1 J 




< a < 1 


2 


2 


3 


1 







f a \ 
\ d 1 




< a < 1 < d 


2 


2 


4 


2 






/ 1 \ 
^01, 






2 


2 


2 










f I \ 
V ^ y 




1 < d 


2 


2 


3 


1 







a ^ 
I d y 




l<a<d 


2 


2 


4 





+ 




/ 1 1 \ 
,11 






1 


2 


4 





+ 




( b \ 
^ b J 




0<b 


2 


2 


4 





+ 



In the above table, we see that the discrete invariants in the last 5 columns 
are repeated in a few cases, so they are not enough to distinguish inequivalent 
matrix normal forms of different shapes (such as diagonalizable or not). 

Example 7.5. For iV = ( M , p{N) = 2, (7{N) = 0, 



p 




PiP) 


p{N\P) 


p(r) 


a(r) 


sign(dct(r)) 


( b \ 
[ b 1 ) 


0<b^l 


2 


2 


4 





+ 


/ 1 \ 
111) 




2 


2 


3 


1 





/ 1 \ 
\ d ) 


< Im(d) 


2 


2 


4 





+ 



Some of the rows in this table have the same p and a data as rows from the 
previous Example. 
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Example 7.6. For = ^ " , p{N) = 1, a{N) = 1, 



p 




piP) 


p{N\P) 


Pin 


^(r) 


sign(det(r)) 




(00) 
^01, 






1 


2 


4 


2 


- 




f a \ 
, 1 y 




< a < 1 


2 


2 


4 


2 


- 




(10) 
^01, 






2 


2 


3 


1 







f a \ 
^ 1 y 




1 < a 


2 


2 


4 





+ 




/ 1 ^ 

.10^ 






2 


2 


4 





+ 




,00, 









1 


2 


2 







( a \ 
^00; 




< a < 1 


1 


1 


2 


2 







? 1 ^ 

^00, 






1 


1 


1 


1 







( a \ 
^00) 




1 < a 


1 


1 


2 









Example 7.7. For TV = " " . p(N) = 0. (t{N) = 0. 



p 




p{P) 


p{N\P) 


p(r) 


a(r) 


sign{det(r)) 


/ 1 \ 
V 1 j 




2 


2 


4 





+ 


/ 1 \ 

V y 




1 


1 


2 








/ \ 

V y 
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